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Abstract
We present results for the ionic structure in dense, moderately to strongly
coupled plasmas using two models: the mean spherical approximation (MSA)
and the hypernetted chain (HNC) approach. While the first method allows for
an analytical solution, the latter has to be solved iteratively. Independent of
the coupling strength, the results show only small differences when the ions
are considered to form an unscreened one-component plasma (OCP) system.
If the electrons are treated as a polarizable background, the different ways
to incorporate the screening yield, however, large discrepancies between the
models, particularly for more strongly coupled plasmas.

PACS numbers: 61.20.Gy, 52.27.Gr, 52.59.Hq

1. Introduction

Structural properties of dense plasmas are of great importance for the understanding of
astrophysical objects as giant gas planets [1] and to achieve the aim of inertial confinement
fusion [2] since the well-pronounced short-range structure created by the strong Coulomb
interactions influences the equation of state and transport properties. Moreover, the ionic
structure plays an essential role when determining the plasma properties by means of x-ray
scattering as a diagnostic tool [3–5].

The strength of the interaction between the ions is given by the classical coupling
parameter �ii = Z2e2

/
kBT ai where ai = (3/4πni)

1/3 is the mean distance between ions
with density ni . The electrons in dense plasmas are often partially to highly degenerate, i.e.,
ne�

3
e = ne(2πh̄2/mekBT )3/2 � 1. Due to the smaller charge and/or high degeneracy, the

electron–ion interaction is mostly weak. Thus, it can be treated within linear response which
yields linearly screened ion–ion interactions [6].

The spatial microscopic arrangement of the ions in the plasma can be described by the pair
distribution function gii(r) or the static structure factor Sii(k). These quantities are connected
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by Fourier transformation

Sab(k) = δab +
√

nanb

∫
dr[gab(r) − 1] exp(ik · r). (1)

Here, two approaches for the ionic structure in dense plasmas are discussed. Both are
based on the Ornstein Zernike relation [7], but use a different closure relation. Although
the mean spherical approximation (MSA) introduces more drastic approximations, it has the
advantage of an analytical solution while the hypernetted chain (HNC) approach relies on
an iterative numerical treatment. The comparison shows when MSA can be used and when
the HNC method must be applied. We will consider the plasma electrons in two models:
(i) uniform and structureless (one component plasma (OCP) model) and (ii) as a polarizable
background (Yukawa model).

2. Theoretical models for the ionic structure

The classical integral equation approach is based on the Ornstein Zernike relation [7]

hab(r) = cab(r) +
∑

c

nc

∫
dr̄ cac(r̄)hcb(|r − r̄|), (2)

which connects the direct and total correlation functions, c(r) and h(r) = g(r) − 1,
respectively. The needed closure relation is obtained by cluster expansion to be [6]

gab(r) = exp{−βVab(r) + hab(r) − cab(r) + Bab(r)}. (3)

These two equations fully determine the structure in classical systems. Unfortunately, the
bridge functions B(r) are unknown and must be approximated.

2.1. The hypernetted chain (HNC) approach

If the bridge functions B(r) are set to zero in equation (3), the HNC closure relation follows.
The system of equations (2) and (3) is now fully defined and can be solved iteratively, even for
many ion species [8]. The solutions are in good agreement with molecular dynamics (MD)
and Monte Carlo (MC) simulations for Coulomb-like potentials and coupling strengths up to
�ii � 100 [9].

OCP calculations use bare Coulomb interactions V C
ii (r) = Z2e2/r . For most systems,

screened ion–ion interactions are more realistic. Here, we consider only linear screening, i.e.,
weak electron–ion interactions, that yields the well-known statically screened Coulomb or
Debye potential [13]:

V D
ii (r) = Z2e2

r
exp(−κer) with κ2

e = 4e2me

πh̄3

∫ ∞

0
dp fe(p). (4)

The inverse screening length κe is here defined by the Fermi distribution of the electrons fe(p)

to allow for degeneracy. This definition includes the classical limit (inverse Debye length) as
well as Thomas–Fermi screening for low temperatures. Since we are interested in equilibrium
properties, the electron and ion temperatures used are the same.

2.2. Mean spherical approximation (MSA)

Another closure relation for the Ornstein Zernike equation is given by the mean spherical
approximation (MSA) designed for systems with hard core repulsions,

gii(r) = 0 for r < σc and cii(r) = −βV C
ii (r) for r > σc. (5)
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Figure 1. Static ion–ion structure factore Sii (k) for doubly charged ions with a density of
ni = 1.5 × 1023 cm−3 at different temperatures. The electron screening length is calculated
self-consistently for the temperatures given from equation (4).

(This figure is in colour only in the electronic version)

Thus, this model considers the plasma ions as positively charged hard spheres with a diameter
σc that interact via Coulomb forces in a uniform neutralizing background of the electrons.
For such a OCP-like model system, one can find an analytical solution [10, 11]. The ion–ion
structure factor is then given by SOCP

ii (k) = [1 − cii(k; σc)]−1, where the direct correlation
function is a functional of the cut-off parameter σc. In the MSA, this quantity is determined
by requiring a continuous pair distribution function at the hard-sphere boundary [12].

The upper solution must be modified if screening by the electrons should be considered.
To keep the possibility of an analytical solution, one applies a weak empty-core pseudo-
potential of the form Vei(k) = −(Ze2/k2) cos(kσc/2) for the electron–ion interactions. This
potential yields the screening function [14–16]

f (k) = κ2
i

k2
cos2(kσc/2)

[
1

ε(k)
− 1

]
= −κ2

i

k2
cos2(kσc/2)

[
κe

k2 + κ2
e

]
, (6)

where κi = (4πZnee
2/kBT )1/2 is the inverse of the classical ion Debye length and ε(k) the

dielectric function of electrons. The latter has been used in the long wave length limit of the
random phase approximation to obtain the second form.

The ion–ion structure factor for the screened ionic subsystem is then given by

Sii(k) = SOCP
ii (k)

1 + f (k)SOCP
ii (k)

. (7)

To avoid an unphysical behaviour of Sii(k) and to ensure smooth electron wavefunctions, the
electron–ion pseudo-potential Vei(k) is truncated after the first node [16].
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3. Comparison of the results from the HNC and MSA approaches

Static ionic structure factors calculated from the theories presented above are plotted in
figure 1 for plasmas with approximately solid density, an ion charge of Z = 2 and different
temperatures. The results are compared for OCP and screened systems.

In the OCP model, the structure factors from HNC and MSA calculations are in good
agreement which holds for all coupling strength �ii . The more approximate MSA gives
slightly higher and shifted peaks. This documents that the extra cut-off in the MSA has only
a minor effect on the ionic structure. Since direct classical simulations, such as MD and MC,
showed good agreement with HNC results [8, 9], the MSA can be considered to be reasonably
accurate for OCPs up to high coupling strengths.

The screening of the Coulomb interactions yields to the expected characteristics: the
structure factors increase for small wave vectors k and the oscillations are damped due to
the weaker interactions at larger separations. In general, the structure is more affected by
screening when calculated by the HNC equations than within the MSA approach. These
differences strongly increase with coupling strength where the inverse screening length κe

becomes larger as well. For the moderately coupled ions in figures 1(a) and (b) both
approaches give similar results. On the other hand, the results shown in figures 1(c)
and (d) display qualitative differences between the two approaches. This behaviour is
connected to the way how screening is treated within the MSA. Here, the highest wave
number, where the structure factor is screened (first node in the electron–ion pseudo-potential)
becomes smaller with coupling strength. In figures 1(c) and (d), this cut-off is already less
than the first peak of the structure factor Sii(k). Accordingly, the screened MSA coincides
with the OCP result for most k values and spatial correlations are overestimated.

Our results show that, for plasmas with strongly coupled and screened ions, the MSA
may fail to incorporate the crucial effect of screening in the whole wave number space due to
the truncation of the screening function at very small k. An interpretation of the ion feature in
the x-ray scattering signal [4] with the MSA should thus be limited to moderately coupled or
weakly screened plasmas similar to those in [3, 5].

References

[1] Remington B A, Drake P R and Ryutov D D 2006 Rev. Mod. Phys. 78 755
[2] Lindl J D et al 2004 Phys. Plasmas 11 339
[3] Glenzer S H et al 2003 Phys. Rev. Lett. 90 175002
[4] Gregori G et al 2003 Phys. Rev. E 67 026412
[5] Garcı́a Saiz E et al 2008 Nature Phys. (advance online publication) (doi:10.1038/nphys1103)
[6] Hansen J P and McDonald I R 1990 Theory of Simple Liquids (London: Academic)
[7] Ornstein L and Zernike F 1914 Proc. Akad. Sci. 17 793
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